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LATERALLY. ‘LOADED PLANE STRUCTURES 
‘STRUCTURES CURVED IN SPACE 


BARON? A AND JAMES P. 


MIBERS, 


An tical is for determining the effects of 
"normal to the plane of such structures as arches, bents, and balcony girders. 
This procedure is called the ‘ ‘shear and torsion analogy.” In addition, a 


_ procedure i is presented for detern mining moments and shears in structures curved © 
or segmental it in space and continuous between two supports. These structures 


“may be subjected to loads in any direction and to moments about : any y axis, 


‘The procedure i is general, and consists of an . extension, into space, of the shear 


Inrropuction 


curved and segmental structures lie in a are loaded to 

4 their plane, and are ¢ continuous between two supports. 4 _ Arches, balcony girders, — 
bents are examples ‘of structures that. may be loaded in this way. -Analyti- 
eal studies of structures thus loaded have been conducted in th oe United States 
: by Milo S. Ketchum,’ Hon. M. A ASCE, I. Oester blom, ‘'M. ASCE, Robert B. B. 
Moorman, 5,6 ASCE, and Mervin B. Hogan. Similar studies have been 


Nore.—Written comments are invited for the last discussion should be submitted by 


-1 Prof., Civ. Eng., Technological Inst., Northwestern Univ., Evanston, Il. nh 4 
2 Associate Prof., Dept. of Civ. Eng., Iowa State College, . Ames, Iowa. : =o. 
3 “‘The Design of Walls, Bins, and Grain Elevators,” by M Milo Ss. Ketchum, McGraw-F Hill Book Co., 
New York, N. Y., 3d Ed., 1929. 
4 ‘Bending ond in | Horizontally Curved Beams,” by I. Oesterblom, A.C.L, Vole 
“A Semi- Method of Analysis for Beams,” by R Robert B. B. 
Bulletin No. 29, Eng. Experiment Station, Univ. of Missouri, Columbia, Mo.,1938. 
6“Tnfluence Lines for Horizontally Curved Fixed-End Beams of Circular-Arc Plan,” by Robert B. B. 
“Moorman, Bulletin No. 35, Eng. Experiment Station, Univ. of Missouri, Columbia, Mo., 1947. Di amentien 
___ 7“Circular Beams Loaded Normal to the Plane of Curvature,” ” by Mervin B. Hogan, wane 
Beams Loaded Normal to the Plane Curv: ature—2,” by Mervin B. Hogan, ibid, Vol. 66, J 


1944, p. ASL. 
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STRUCTURES 
wary yer. 


T 
“conducted abroad by A. E. Ritchie;? 
_M. ASCE, and F. L. Barrow; ‘om Georg Unold;? and others. 


An analytical procedure is presented for moments and shears in 
a plane structure continuous between two supports. The structure considered 
is subjected to loads normal to its plane and moments about axes in its s plane. a 
- It Inay have any shape in plan and any variation in cross section along its | 
length. pi procedure i is called the shear and torsion analogy. The 
_ sions are somewhat similar in form to those of the column analogy," the results _ 
_ in both cases being interpreted i in terms of a pressure line concept. ans en 7 
-_ __ Some s structures are continuous betw een two. suppor ts but do not lie in a 
» These structures may be curved or segmental in space and may be — 


“subjected to loads or deformations i in any direction. Many odd-s -shaped struc- 


tures frequently used in urban freeway construction. are examples of such 
structures. Pipe lines are additional examples. Some analy tical studies of 
pipe lines have been conducted by William Hovgaard, AL ‘M. ‘ahl,'* 8. 
Spielvogel," 17 ASCE, ‘and 8. Kameros. 18 This paper presents a an analy tical 
_ - procedure for | determining moments and shears in a structure curved or seg- _ 
in ‘space and continuous between two supports. The structure may be 
_s subjected to loads i in any direction and moments about any 8 axis * In addition, — 
it may have : any - shape in space and any variation in cross section along its 


length. The procedure is general, and for structures lying in a plane it reduces" 


to the shear and torsion analogy or the column 


HE ‘SHEAR TORSION on ANALOGY 


In the analys sis s of statically indeterm minate structures, the following require- 


ments must be satisfied: _ 


a. Statics —For any structure or any part of the sum of 


orces in any direction must equal zero, and the sum of the forces times their — 


respective distances to any axis ‘must equal : zero. 


Geometry. —Angle changes, slopes, and displacements must be consistent 
“with the requirements of of continuity. _ For any closed circuit the sum of the : 


angle changes about any axis must equal _ zero. . In addition, if the angle © 


P ‘A Study of the Circular-Arc Bow-Girder,”’ by A. H. Gibson and E. G. Ritchie, Constable and Co. .* 


~ 10 **The Analysis of Engineering Structures,” by A.J.8. Pippard and J. F. Baker, Longmans, Green a 


“The Stress fuctoule of Bow Girders,” by A.J. 8. Pippard and F. L. Barrow, H. M. Stationery Office, 
12 Kreisteager,” by Georg Unold, No. 255, ve erein Deutscher Ingenieure, 
~B“The Column el ’ by Hardy Cross, Bulletin No. aon. Eng. Experiment Station, Univ. of | 
“Stresses in Three-Dim Pipe Bends,” by Wiliam How Transactions, 57, 
1935, FSP-57-12,p.401. = 
15“*Further Studies of Three-Dimensional Pipe Bends,” Ww illiam ‘bid, Vol. 59, 1937) 
ce 16 ‘Stresses and Reactions i in Expansion Pipe Bends,” by A. M. Wahl, ibid., Vol. 49-50, 1928, FSP-50- 49, 
Stress Simplified, *byS. Ww. Spielvogel, McGraw-Hill Book Co., Inc., , New York, 


of the Elastic-Point Theory to Calculations,” by S. W. Spielv ogel and 8. 

‘Kame eros, Transactions, ASME, Vol. 57, 1935, FSP-57-10, p. 165. —_— ee — = 
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- changes are small, the sum of the angle changes times t 


to any axis must ‘equal 


_ Geometry must be related to statics through the known or assumed proper- " 


= ties of materials. No uncertainties are involved in the requirements of statics - 
and geometry. Some uncertainties, however, may exist in n the relationship 

between statics and geometry y due to. the characteristics of a material. This 
paper does not deal with uncertainties in the properties of materials. It is 


_ assumed that the properties necessary for computing the relationships between . | 


4 “statics and geometry are known. Furthermore, the effects of shear deforma- 
7 tions and of changes i in length of an element of a structure : are considered a = 
ft “negligible, If desired, adjustments i in the succeeding analyses ses “may be made 


7 these effects, 


| In general, two classes of loading may be considered for curved structures 


in a plane and continuous between two ‘supports. These lo adings are 


in Fig. 1(a) and are as follows: 


(A) Loads: applied in the plane of the structure and moments about axes 
normal to this plane. This class: of loading is” considered in the 
@)! ) Leads applied normal to the plane of the structure and moments about 
_ axes in this plane. This class of loading i is particularly a 


For each class of loading, the forces and moments acting on a cross section of 


a the structure are shown in Fig. 1(0) and are represented a: as vectors. rs. The angle 
_ changes, rotations, and displacements at a section of the structure are shown in 


a 


‘Fig. . 1(c) and are also repr esented as vectors. _ The sign convention used i in this: 


paper is illustrated in the same figure. | Forces and moments are positive « on a 

_ front face when they are in the direction of an axis. They are positive on a 

back face when they are against , the direction of an axis. _ The same sign con- 


vention is used for rotations and displacements. The angle changes between © 


> 


— 


adjacent cross sections of an element are positive when they are in the direction 
& of an axis. The statical and geometrical relationships a: are referred to re rectan- : 


gular axes, 
Structures loaded as in class ( A) or as in class” (B) be by a a 


consisting of two. par ts as follows: 


Box 
‘Chick to if errors exist: in the geometry of the deflected str ucture. 


If such errors sexist, (or subtract) a distrit ibution of ‘moments th that 

a procedure automatically satisfies the requirements of The 
following: discussion is restricted to the analysis of laterally loaded plane 
structures. — The final moments and shear at any wink of the structure are 
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4 STRUCTURES 


Loads AS IN (A) 


THIS CLASS: OF LOADING “CONSIDERED IN THE COLUMN 


APPLIED ) MOMENT, 


(a) LOADS THE ‘PLANE (OF THE STRUCTUR AND 
4 
| Mh 
FORCE, ie 
() FORCES A ‘A MOMENT MOMENTS, m, , ON 
ACTING ON A CROSS SECTION “CROSS SECTIONS. OF AN 
ROTATION, 
om 
ROTATION AT A CROSS AN AXIS NORMAL To THE 
“SECTION OF THE PLANE OF THE “STRUCTURE 
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LOADS AS_IN_ 


CLASS OF LOADING PARTICULARLY THE FIRST 


OF THE "PAPER. 


TO F PLANE OF THE ‘STRUCTURE URE AND 

N ABOUT AXES IN THI PLANE. 
BOUT S PLANE 


ACTING ‘ON A we “SECTIONS 
SECTION OF THE ‘STRUCTURE. TURE. OF AN ELEMENT, 


ROTATIONS AND A” 


SECTION OF THE STRUCTURE. = OF THE STRUCTURE. 


FOR LyING IN A PLANE 


iz 
(a) 
| 


4 = _ The subscripts o and 7 are associated with the assumed distributions and the ES oth 


‘of conection moments and shears. 


2(a) shows the correction shears and moments at a support and at a section of oe 
the structure. ‘The relationships between these. forces and moments are sum- ; 
Inarized i in the figure. The same structure is sho in F g. 2(b) but an imagi- 
the 


4 arm is is an end of structure This arm is introduced for 


a convenience only. It is considered rigid ard e extends to a position that will be 


referred to yas a centroid. position of this centroid and the properties of the 

structure with respe ect to this centroid are defined subsequently. — Fig. 2(b) also. 

a 7 shows tl the correctio n moments and shear applied at the centroid . By statics 


the correction moments and shear at a section o of the structure are - follows: 


= 


moment— = 


6 


and shear— 


The subscript c c is associated with the correction moments and. shear at the 
_ centroid and with distances measured from the axes at the centroid. An in- 
7 _ Spection of Eqs. 2a, 2b, and 2c shows that the distributions of correction mo- 

| ‘The 1 ‘geometry are now restated. The sum of the angl 

1e requirements of geometry ‘are now restated. The sum of the ang _ 


changes about any axis in th e plane of the structure must ZeTO; 


3 


= yo Daddys = 0 0 
The sum of the angle changes, times their respective | een to any axis nor axis nor- 


mal to the plane, must equal zero: 


(Ly — dy) = (Ly — dye) — (Ly Was — dBys) = 0..(8e) 


Thus, the angle changes as a result of the correction moments must balance ~ 


those caused by the assumed moments. 


a 
| 
q 
q 
- 
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‘Fig. 3(a) shows the angle changes associated with assumed or correction 
_ distributions of moments. . These angle changes are represented as vectors. 


: In this case each cross section has a principal axis in the plane of the structure. a 
‘4 
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(0) CORRECTION. MOM — AND SHEARS “STRUCTURE 


MOMENTS AND SHEAR RAT THE CENTROID 


Fie ‘Moments AND IN ‘A LATERALLY ‘Loapep PLANE STRUCTURE 


The general case of an element in ‘space e and oblique to the three orthogonal 
axes is considered subsequently. The rotations and displacement at an end 


A of the structure due to the assumed moments and the onrection, moments | 
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Rotations Displacement at End A 


Positive Slope of ‘Segment 
a + Krsin® a oc + Ke Krcos? a 
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sina cos 


(b Sti Stiffness Factors 


— are st summarized in Fig . 3(a). Since the angle changes due to the correction — 
moments must balance those due to the assumed moments, the following 
equations of geometry may be written: 
For rotations about he: z-axis— 


: 


end AY 9:0 
7 
| 
me 
| 
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STRUCTURES 


Moments about one axis to about both axes. In 


‘The terms das. zz and dazy represent angle changes about an a- axis due to unit 


moments about the z-axis and the y- y-axis, respectively. Similarly, dayy at nd 
_ Tepresent ai angle changes about a y-axis due to unit moments ab about the y-axis and 
2 -axis, respectively. — ‘The unit moments are at the ends of an element which i is 
—dsin length and is oblique to the rectangular axes. For an element one unit in 
length, , Kz, and Kz, represent moments about the x-axis and the y -axis, respec- 
tively. Each moment produces : a unit angle change about the z-axis. ‘In the 
‘same way, Ky Cy, and Kyz represent moments about the y-axis and 1 the x- “axis, 
ere Pe “These moments | produce u1 unit angle e changes about the y- y-axis. It 
may be shown that K,z and dayz = = dary. Thus, Kzz, Kyy, and Kz, are 
measures of the stiffness of the element 2 and for convenience are called stiffness oe 
factors. Algebraic | expressions for these factors are g given in Fig. 3(b) in a 
of the normal and tangential stiffnesses of the element. — 
Now inspect Eqs. 4a, 4b, and 4c and observe that the unknowns in these 
emai: are the correction moments and shear at end A of the structure. 
From the relationships shown in Fig. 2, these equations may be written in 


terms of the correction moments and shear at the centroid. a If the distances — 


fa and g to the centroidal axes are now selected such that— 


Ye fe — Xe dayy) = 


— then, Eqs. 4a, 4b, ana 4e may be written as follows: 


Lye + Myo dazy) — (myo day + Mzo Uys). .(7e) 


Thus, the peatiien of the centroid i is ‘80 defined 1 that if a shear, Vsie, is applied at 


- this centroid it does not contribute to rotations at end A. % If the correction | 
- moments and shear at the centroid are known, the ‘correction moments and 


‘shear at any section of the the structure may | be obtained ed by statics. In the follow- 


| 
| 
= 
+. 
6; 


ing, the form of the expressions for these corrections is obtained by t the concept ee 


— that permits the interchange of computations of geometry with those of : statics. : 
es ‘This concept is based on the definitions of a ‘small angle and of a moment. : 
4 By definition o of a small angle, a displacement : is equal to the product of an 
a” angle change and the normal distance to the line along v which the displacement ans 
_ occurs. _ A moment about an axis is defined as the product of a force and the > 7 
normal distance to the axis. Thus, computations of geometry involving small — ver 
angles: are interchangeable with those of statics. 7 is formally stated as 

(a) An angle change rotation about an axis may be treated a asa force 

ong the axis of rotation. 
A displacement an axis may be treated. as a moment about. the 

axis of displacement. (This generalized statement was made by Hardy Cross, 


Hon. Mz. ASCE, at Yale University, New Haven, Conn. 


Consequently, in computing ng the ge geometry of a deflected structure, the rotations 
 g and displacements at a Cross section may be treated as analogous shears and 
‘moments. treatment may readily be visualized by reinspecting Fig. 


Fr om the foregoing interchange, the requirements of geometry | for a closed 7 
_cireuit lying in a plane may | be restated as analogous ; requirements of statics, 7 
The analogous requirements a are stated algebraically: 


= with the correction must those associated with 
on Iti is now convenient to consider an imaginary strut that has the same shape 
: in plan as the real structure. This strut is very short and is subjected to shear an 
forces lying in the top plane of the strut. forces are analogous” to 
corresponding angle changes associated with the assumed distributions a 
-moments. The angle changes Mzo and Myo dazy are the analogous 
dpzo in the x-direction. "The angle changes myo day, and dayz are the analo-— 


| gous forces dpyo in the y-dir ection. 7 Since : a a shear force is is equal to a stress times 

a corr responding differential a area, , the assumed moments 1 may be interpreted as 

analogous shear stresses in the top plane o of the strut and the terms dazz, dayy, 

and da,, may be interpreted as the cor responding differential areas. — Conse- _ 

4 quently, the imaginary strut may be considered to have directional properties. 7 
7 The forces in the top plane of f the strut are balanced | by forces on cross sections 


parallel to this. plane. Therefore, the forces on such cross sections are analo-— 
one to the angle changes associated with the correction 


= 


| 
q 
7. 
| 
“Qs. od, 60, and are equations OI Statics and are analogous to the previous | 
g | 
| 
| 
4 


are analogous to the angle changes dayy and days Thus, the shear 
“stresses on cross sections parallel to the top plane of the strut may be inter- 
as correction moments in the real structure. 


| 
nen' 
It was shown n that. the distributions of correction moments 


I 


9b) 
a oe —the distributions of these stresses are also planar. In ial expression, , the 


7 first term 1 represents an average stress due to a direct shear and the second — 
term represents a stress due to a torque about an axis normal to the top 

‘plane o of the strut, J, being the torsional moment of inertia about the z-axis. nd N 

7 i - AS a result of the preceding | discussion, it is now possible to state that the 

7 correction moments in the real structure can be es in the same way as 


shear stresses in an analogous. strut: 


_ 7 It could also. be shown ¢ that the correction shears i in the real structure ca can n be 
computed by means of the | expression: 4 
ae _ The terms erms of Eqs. 10a, ht and 10c must be so defined that the correction — 
moments adjust for the errors in geometry due to the assumed distributions of 
- “moments. — These ae were obtained by means of the equations of geometry, 


Eqs. 7a, 7b, and 7c, and the relationships of statics shown in Fig. . 


AML te terms involved in the analytical procedure are summarized in in Fig. 4(a). 
Inspect. Fig. 4(a) ‘and interpret the e3 expressions in the s summary. For con-— 
_ Venienes first consider a structure that has an axis of sy mmetry parallel to the © 
axis. Fors such a structure it may be show n that is equal to zero a and that 
P, and P,. The terms and represent the relative rotations 
_of one end of the structure with respect to the other. _ These rotations are due z 


. + to the assumed distributions of moments and are treated as total shear forces in — 
< _ the top plane of the strut. Foran unsymmetrical structure corrections must be | 


subtracted fr from P, and P, too obtain and P',, respectively. 
ow inspect the term M,. In the real structure, M. a displace- 
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ian 
occurs at the « defined centroid and is associated with the one denen due to the 
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(@) GENERAL RELATIONSHIPS 


Fig. 4.—SumMmary For Structures Lyne IN A 


ELASTIC AREA 


ELASTIC AREA +. do 


% 


“we 


q 

7 


K, 1s POSITIVE IF THE “SEGMENT SLOPES AND NEGATIVE 
IF IT SLOPES THEREFORE, FOR A SYMMETRICAL 


) CONVENIENT RE ELATIO 


“NOTE 
MEASTIC AREAS | 
? 


assumed distributions of moments. In the analogous strut, M. Tepresents 

‘ponent of the analogous forces Lyi ing in the top plane of the strut. | This © 
cent is about an axis normal to the plane of the strut and located at the 
q centroid of the strut. This moment may be obtained by first computing the 

moment about an and then subtracting a correction as indicated 


in Fig. 


Correct for Dissymmetry 


| 


Cor rected 


he FOR ‘OF 
Next, inspect terms A’, Again, for convenience, consider t the 
a ay symmetrical structure. For a structure 7 is ‘equal to 
= A,. . Thet terms A, and A, represent the rela- 
tive ‘sutaiions of 01 one end of ‘the structure with respect to the other due to mo-— 
ments of one unit about an z-axis and a ” -axis, respectively. In the analogous | : 
strut, Az and A, represent total areas. If desired, Az and Ay may be e inter- 
preted ai as ete of stiffness to shear deformations along the z-axis and the - 
y-axis, respectively. For an unsymmetrical structure corrections must be 


subtracted from A; and Ay to obtain A’; A’ respectively. 
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‘and represents a displacement along a a 2-axis at the centroid. |. This d displacement 


is due to a unit shear along the same axis. Since a unit shear at the centroid 


_ does not contribute to rotation of one end of the structure with respect to the 


to moments about z-axes resulting from the unit shear at the centroid. Th 
contribution due to moments about y-axes is represented by — Izy. 


| other, the displacement at end A is equal to that at the centroid. 11 

I, I,, represents : a contribution to the total displacement at end A andi is = 
e 

| 


Sligo strut, the. expressions for Iz, and Iz, resemble the familiar 


equations for moments and products of inertia. The term J, is similar to 


expression { for a polar moment of inertia except that i isincluded. If desired, 
; J, may be interpreted : as a measure of the stiffness of the strut to a torsional - 


deformation about a z-axis at the centroid. 
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STRUCTURES 
“THE MOMENT CURVES BELOW ARE “CONSISTENT WITH 
ASSUMING THE STRUCTURE CANTILEVERED 
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STRUCTURE. 
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raid in ‘making computations, a a tabular form is presented in in Fig. 5 i 
<a indicates a convenient sequence for computing the properties of the stri uc- 


9 and the analogous forces. The final shear and moments at any section of _ 
the structure may be computed as shown in the lower part of the figure. The 7 i 
alues of z, and 2, may y be taken from a any - convenient pair of axes. If the 
str ructure is sy mmetrical to one of these axes, ‘it is necessary t to compute the | a 
. z oper ties of only one half the structure and to double the sums. « In the analy t- 7 
i 


al procedure x and y were defined as distances to differential elements. © If 
segments of finite length are considered, 2 and y represent distances to the : 
centroids of the elastic areas dazz, and Fora segment of constant 
- erose section, the centroids of the elastic areas coincide with the centroid of the — 
"segment. Howe ever, in computing I,, and Izy, it is necessary to add correct 
ions iz, ty, and to the values of dazz, a? day,, and x y dazy, respectively. 
These corrections are moments and products of inertia of the elastic areas about _ 
their own centroidal axes. The resulting expressions ‘such as te ty ¥ dz, are 
analogous to the familiar transfer equations for moments and products of 


inertia . Fig 4(b) summarizes convenient relationships for computing 


of and bey ofa segment oblique to the z-axis and the y-axis. 
It may be shown 1 that for a finite segment 2 and 4 ya are, distances to the 
centroids of the corresponding angle changes along the segment and not. diss 


oa : Numerical Examples. —Fig. 6 shows a rectangular bent of constant cross i? 
oe se rien with a lateral load of 5,000 lb. The ratio of bending to torsional stiff- 
ness is equal to two o Fore a constant cross section it is not necessary | to know, 7 


absolute values of K , and For a given = “ratio, values of K < 


and K,/Kzz may be computed. For convenience such values may be e plotted 

for several ratios of and for different slopes of a segment. Similarly, 
_ curves may | be drawn showing values | of K,/Kz,. In the computations for the | 
rectangular bent, values of K,/Kyy and | have been used instead 

1 K,, and 1/K,z. Asa result all items involving da,, and da,z are in terms of | 

&K, n. An inspection of the tabulation shows that i in the computations for mo-— 


ments and shear the quantities cancel out. . Fig. 6 also shows the fins al 


moments, and then distributions of correction Tote how the 
4 correction moments balance the assumed moments. This balance concept 
“lends itself to the development of a sketching technique by which good esti- . 


a mates of moments can be obtained. ‘The procedure may be considered an 
_ extension of the pressure line concept as used for an arch with loads in the plane > 


the arch.’%?° In addition, the concept can be used in problems involving 
pure torsion or axial deforn mations. 


Fig. 7 shows an arch with a varying cross section and with a lateral load of — 


one kip at the quarter px point. . The arch i is divided into tw enty segments ; whose - 


7 | 7 horizontal projections measure 5 ft. The analogous moments of inertia and > 
&§ products of inertia about the centroidal axes of the segments are neglected. | 7 


“Continuous Frames of Reinforced Concrete,’’ by Hardy Cross and N. D. Morgan, John Wiley & 
Sons, Inc., New York, N. Y., 1932, p. 289. 
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In addition, the distances to the centroids of the angle changes for each segment 
are taken as the tabulated distances to the centroid of the segment. — The 
oo values of K,/K;, at the various sections, and the relative values of Kp, are ‘show: n 
in n the table at the bottom of Fig. 7. * T hese values are such as might be probable — 
in a reinforced concrete arch. Since is not constant, it is now necessary 
to tabulate values equal to, or proportional to 1/Kzz, 1/Kyy and 1/K In 
this example, proportional values: were determined by the relative values of 
The final curves of moments are shown in the upper right- hand corner 
‘Fig. 7 . Again, the assumed distributions of moments are 


distributions of correction n moments. 


a —— A procedure is presented, in this section, for analyzing a structure that is 
continuous b betw een two supports ts but 1 not lying in a plane. This structure m may 
have any shape in space and any variation in cross section along its length. u “Tt 

_ may be subjected to loads in any direction and to moments about any axis. 

: _ Three orthogonal axes are chosen for reference, but no part of the structure a 
in the planes defined by these axes. 'Thes sign convention used in this 


is the same as that used in the preceding section. As As before, the effects of 


- ghear: deformations and changes in length of an element of the structure are | 


considered negligible. 


a Asi in the shear and to torsion analogy, an analytical procedure consisting of 


two steps is used. In accordance with this procedure the final moments and 
- shea: rears at any section of the structure are written as as follows: 
My = Myo — Vyo — Vyi 


Consider s of correction moments and shears. Fig. 
shows three correction moments and three correction shears applied to the 


‘structure. These moments and shears’ are projected in 1 each plane. ‘The 
| j _ moments are about the z-axis, the y-axis, and the z-axis, and the shears are’ 7 4 
along axes which, for convenience, are called centroidal axes. Six: distances 
used to to locate the centroidal | axes. The positions of these axes: and the 
bi - proper rties s of the structure with respect to these axes are defined subsequently. _ 
In each plane the projections of two moments and a shear have been grouped — 


as in the shear and torsion analogy, and the projections | of two shears and a 7 
‘moment as in the column analogy. The relationships between. these ‘moments 


and shears, and the cor rection moments and shears. ata section n of t the str ucture, a 
shown in Fig. 8(a). Note that the rest resulting distributions of co 


ents and shears are 


ig. 8(b) shows rotations about, a-axis, the y- “axis, the z-axis, and 
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corr esponds with that of a ‘The for the rota- 
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tions and displacements along ‘the centroidal axes are shown in Fig. 
These rotations and displacements are the result of assumed moments and 
_ correction n moments. T he expressions are similar to those of Fig. 3 except that Bae. 


three. dimensions a are ‘now inv rolve ed, and additional stiffness factors intro- 


4. a 


7 


» 


oat CORRECTION SHEARS AND 


MOMENTS AT ANY SECTION 
THE STRUCTURE. 


xi = 


= | Mac VyeXey— Vac Yey 
—v Fie. AND > 
_ duced. _ The stiffness factors for the general | case of an element in space an 


_ oblique to the three orthogonal : axes are e summarized i in Fig. 9B | 
It follows from the > requirements of geometry ‘that the angle to 
3 the correction moments must balance those caused by the assumed moments. | 
_ From the relationships shown in Fig. 8, six equations of geometry may be write 


| 
q 
4 
| 
7 | 
| 
he 
i 


1. Each equs equation would involve the correction moments and the cc correction 


shears associated with the centroidal a axes. Itis conv venient, however, to define | 
the centroidal axes in such a way that a correction shear associated w with < one of 
_ these axes do does not contribute to total rotations about axes normal to this” 


| 
| 


ROTATIONS AND DISPLACEMENTS 
DUE TO THE ASSUMED -MOMENTS, 
Gyo? day, + Ymyodayy + 
ROTATIONS AND > 
DUE TO CORRECTION MOMENTS. 


FOR THE (GENERAL ‘Procepure 
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For a shear one unit contributes 1 no about 


are selected such that 

= dayy — Yes day: =0. 


- Z 5 = 


de . 


The expressions for. 2. and may be 13 a 14. The 
expressions for 2, and 2, associated with v,., and for and 2, associated with 
can be obtained from similar equations. 


The six equations of geometry may now be written as follows: “c 
= Az Mee + A sy My Myc Ags Mec - + 
yd, = = Mze + Ay Mee Jyy Yye — 
= Mare Ay Myc + Azm Mec + fas 
Me + Js vee + Jay tye + Me =0 


— 


ink Figs, 10 and 11. These coefficients may be interpreted as total rotations 
displacements due to unit moments and shears associated with the centroidal 
axes. _ For example, Az, represents a rotation about an z-axis due to a moment 
Myc equal to one unit; the term Tos represents a rotation about an z-axis due to a 
shear Vee equal to one unit; : and the term tz, rep represents a a displacement along the 
eentroidal axis associated with and is due to a moment equal to one unit. 
It can be shown that tz: = and te: = Ses. The term J zy represents 
a displacement along the centroidal axis associated with vz-. This displacement — 
‘is caused by a shear v,- equal to one unit. can be shown that Ayz = Ax yand 
Inthe equations of geometry (Eqs. 15), the P-terms and M-terms represent 
__- rotations and displacements resulting from the assumed distributions of = 
moments. For example, P, represents the total rotation about an z- -axis. 
‘represents a displacement along the centroidal axis in the z- direction. 
‘These terms may also represent unit rotations and displacements applied to the 
structure as in the Miiller-Breslau procedure for obtaining influence lines. 
: addition, the J M-terms may represent displacements that would occur in a pipe © 7 . 
dine if it were free to expand when subjected to temperature « changes. _ | 


The correction moments and the correction shear along the centroidal axes 


‘may now be obtained by solving the equations of geometry. ~ Having developed _ 
_ expressions for these correction moments and shears, the: designer can obtain — - 
the correction | moments and shears at any section of the structure by the equa- — a 
tions ¢ of statics summarized in ‘Fig. 8(a). ‘The expressions ns for these shears and 
‘moments are written in the following form: 
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FIXED END 
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4 
The form of Eqs. 16 and 17 from a consideration ¢ of the concept 
permits the interchange of a rotation with an analogous force, and a displace- 7 
ment with a an analogous moment. In these expressions, the @’ -terms represent 4 
rotations r sulting from the assumed distributions of moments and may be 
considered t ‘represent analogous forces. The SW’-terms represent displace- 
ments along centroidal axes due to the distributions of moments and 
eS be considered to represent analogous moments. In the same manner as : 5 
before, the @’-terms and the J’-terms represent rotations and displacements — 

——/ caused by moments and shears applied along the centroidal axes. The expres- 
sions for these rotations and displacements resemble expressions for for a areas cas and = 
a Figs. 10 and 11 indicate, in tabular form, | a convenient sequence for comput- 7 = | 
- ing moments ; and shears i in a structure curve ed in n space and continuous between 7 


two supports. — This form also serves as a summary of all terms involved i in the 
_ analyt tical procedure. _ Inspection of these > figures re reveals that, in the ‘special — 
— _ ease of a structure lying in a plane, the expressions for the correction moments 
ite and shears become those of the column analogy or those of the shear and _ * 
analogy. Inspection also reveals that all script terms resulted d from 
introducing the ¢-terms and f-terms in Eqs. 15. In ‘numerical studies, 
t-terms and f-terms are frequently negligible. In ‘such cases, the ‘seript terms 


ss need not be computed and, consequently, Eqs. 18 8 and 19 may be used in- : 7 
computing the correction shears and moments: 


y 


Me, 


Numerica al Example.— _Fig. sa structure consisting of three prise 
matic members, each of which is parallel toa Tectangular ¢ axis. Thisstructureis — 


fixed at ends A and D, : and is subjected to ‘two concentrated loads. The 


~ assumed distributions of moments are for a structure cantilevered from end A. 7 


N 
a 4 
8 


! 
“~~ 
— 
7 
4 
if 
q 
te 
4 


= 


The appropriate properties es and the analogous forces and moments are re tabulated 
as shown in Figs. 10 and | Since the members are parallel to the rectangular — 
axes, many operations indicated in the latter figures need not be performed. 
For example, all operations involving — terms written in script form. may be 
“omitted. In In computing | for r segments of finite length the value of such a term 
as (Iz), it may | be necessary to add a correction (tz)z to the value of y? dazz. 
; This correction becomes necessary if the distance to each differential element of 
a finite segment is not the same as the tabulated y- distance to the er centroid of the - 
segment. - Corrections such as these may y be ‘computed a as ‘moments and. prod-— 
ucts of i iner tia of the elastic areas about their own centroidal axe axes. " -Computa-_ 
tions for the final moments and shears at fixed ends A and D are shown at the 
bottom of Fig. 12. ¥ Final curves of moments may be drawn by combining the — . 
assumed distributions | of moments with the planar distributions of correction 
smoments, 4 


if the effects of temperature changes a are of interest, moments and shears in ~ 


“the structure 1 may be computed i in the same w ay as indicated in Fig. 12. The 
- computations for the properties of the structure are exactly the same as before. | 

| The analogous moments M,, M,, and M, are again equal to displacements i in the 

-direction, the y- -direction, and the z- respectively. However, these 

terms now represent the displacements of end D with respect to end A which 

would o¢ occur if the structure was free to expand. In this case, ‘the analogous 
forces P., P,, and P, are equal to zero. The succeeding computations for 


- moments and shears in the structure are identical i in sequence to those indicated 
‘Fig. 12, the segments are not to ‘rectangular a axes, the general 


ax 


It has been shown that a shear and torsion analogy may be used in analyzing» 
any plane structure continuous between two ‘supports normal to its” 


‘continuous between two may y be analyz zed by the ‘methods presented 
peers the heading, “A General Procedure for Structures C Curved in in Space.” 


The: shear and torsion analogy »gy and the column ana ogy are special ¢ cases of al 
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